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1 Introduction 

In this paper we will consider the following non-linear wave equation in 3-dimensional space 

d 2 u - Au = F(u), (z, t) £ I 3 x R; 

u|t=o = u 6 H a nH a '(R 3 ); (1) 

d tU \ t= o = Ul g H s - l r\H s p- 1 ' 



Here the non-linear term F(u) and the coefficients s p , s are given as below 

F(u) = -\u\ p ^u. 

3 2 

s p < s < 1. 

We will assume p is slightly smaller than 5, which makes s p slightly smaller than 1. 

The Energy Space If s = 1, in other words the initial data is in the space H 1 x L 2 , 
then the following quantity is called the energy. The energy is a constant for all time as 
long as the solution still exists. 

w n x f A Vu \ 2 \ Q M 2 \u\ P+ \ , 

y K 3 2 2 p + 1 

In this case we are able to obtain global existence and well-posedness of the solution using 
a basic fixed point argument. In this paper we are trying to make a weaker assumption, 
namely, s is greater than s p but smaller than 1, which makes it impossible to use the energy 
above directly. The I-method described in many earlier articles (Please see [5j[6]) can solve 
this problem for s sufficiently close to 1. 
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The Introduction of /-operator Let us define 

HO = v(jj)u(0- (2) 

Here ??(£) is a positive, radial and smooth function defined in M 3 such that 

"® = { (i) 1 -*, if iei > 2. (3) 

The number N 3> 1 will be determined later. By lemma 13.11 The following quantity is 
finite and called the energy. 

m - E(Iu{t) A Iu { t)) = / r U{x - t)? + WU[X - t)? + H!M^ )lE . (4) 

y R3 2 2 p+1 

Note that In is no longer a solution of the original equation (JTJ) . Thus the conservation law 
does not hold any more for this energy. Instead we will introduce an Almost Conservation 
Law later (See [JJ for another example of almost conservation law). The following is our 
main theorem. 

Theorem 1.1. (I-method) Assume p E (11/3,5). There exists so = so(p) G (s p , 1) such 
that if u is a solution of {TJj with initial data (uq,ui) so that 

ll(«Oi«l)ll J ff.X J ff-i ^ ^ 
IK«0i«l)ll J ff1.X J ff»*- 1 - A > 

and s > so, then we have 

sup \\(u(t),d t um\H SX H S -i<C(A,s,p)(l + T^y, 
te[o,T] 

sup \\( U (t),d t u(t))\\H* PX Hsv-i <C(A,s,p)(l + T^); 
te[o,T] 

as /ono as iae interval [0,T] is in tae maximal lifespan of u. The constant C(A,s,p) above 
depends on A,s,p only; the exponents f3's depend on s,p only. 



Remark The number so(p) can be given explicitly by 

•50 (p) 



2 + (5-p)s p 



7 — p 

It is trivial to verify 

3p — 7 p — 3 3p — 5 
" 2(^1) ' "2"' 
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Comparison with |7J Tristan Roy's recent paper [7J studies the same wave equation 
but makes different assumptions on the initial data. In stead of assuming the initial data 
is in the space H Sp x H sp , the author considers localized initial data and obtains similar 
results using the I-method. More precisely, Roy assumes that the initial data (uq,u\) is in 
the closure of C c °°(5(0, R)) x C™(B(0,R)) with respect to the H s x H s ~ l topology. The 
difference between [7J and my work is 

• Roy's paper improves the upper bound for H s x i^ s_1 norm of the high frequency 
part of the solution. It grows more slowly at 7 1 ~( 1 ~ s ) for localized data, thanks to 
the finite speed of propagation. In contrast, the upper bound grows at [ n mv 
work if s is close to 1. 

• My paper imposes weaker assumptions on the initial data. In fact, any localized data 
described above is also in the space H Sp x H sp (R 3 ) by the Sobolev embedding. 

Global Existence The main theorem actually implies that the solution can never break 
down in a finite time. Otherwise the H s x H s ~ l norm will be bounded in [0, T+). But this 
means the local solution with initial data (u(T + — e),dtu(T+ — e)) would exist at least for 
some time Ti, which would not depend on e.This is a contradiction when e <T\. We also 
have the following theorem using a fixed point argument. 

Theorem 1.2. Let s > so(p) and assume that u is a solution of (OP with initial data 

(n , m) G (H s n H Sp ) x (H 3 - 1 n H 8 '" 1 ). 

If IK^o.Ti — u o, u l,n ~ u i)\\H a PxH a p~ 1 ~^ ®> th en we have the following limit holds for any 
given time t, 

\\{u n {t) - u(t),d t u n (t) - d t u(t))\\^ Spx ^s p -i -> 0. 
Here u n (t) is the solution of |7p with initial data (uo >n ,ui jTl ). 

2 Preliminary Results 

Local existence and well-posedness of this kind of equations depends on the following 
Strichartz estimates. 

Proposition 2.1. (Generalized Strichartz Inequalities). (Please see proposition 3.1 
of JEI, here we use the Sobolev version in M. 3 ) Let 2 < (71,(72 < 00, 2 < r%,r2 < 00 and 
pi , p2 , s € R with 

l/qi + l/n < 1/2; i= 1,2. 
l/?i + 3/n = 3/2-a + pi. 
l/q 2 + 3/r 2 = 1/2 + s + p 2 . 
Let u be the solution of the following linear wave equation 

dfu- Au = F(x,t), (x, t) G M 3 x M; 

u\ t=0 6 ^ S (1R 3 ); (5) 
d t u\ t=0 = ui G H^iM 3 ). 



3 



Then we have 



\\(u(T),d t u(T))\\^ s x ^ s _x + \\D£u\\ L<nL n( [Q)T \ x r3) 



< c 

T/ie constant C does not depend on T. 

Remark In particular, we say that (g, r) is an m-admissible pair if 

{Pi,s,qi,n) = (0,m,q,r) 
satisfies the conditions listed above. 

Definition of Z(J,u) Let us assume p > 11/3. In order to take advantage of the 
Strichartz estimates, we define the following norms 



Z„{J,u) = \\D l - m Iu\\ LqjL r. (6) 

J x 



Here J is a closed interval inside the maximum lifespan of the solution u, < m < 1. 
The pair (g, r) is m-admissible. The Strichartz estimates and the following property of the 
operator D l ~ s I 

W^lUr^r < 1 



show that Z m ^q^ r (J,u) is always finite if u is a solution of ([T]). Next step we define 

Z(J,u) = sup Z m ^ r (J,u). (7) 

m,q,r 

Here the sup is taken among all possible triples (m, q, r) satisfying 

(I) the pair (q, r) is always m-admissible; 

(II) either 

< m < s, 

or 

p — 3 7 — p 1 — s \ 1 



m = 1, and 1/q < max < — ; -, — -\ ; > < 

/q ~ \2(p-l) , 4(p-l) 2(p-l)J 2 

The figure Q] shows all possible pairs (l/q,l/r) that satisfy the conditions above. This 
compact region consists of a solid triangle ABC and a closed line segment DE. 

3 The Proof of Main Theorem 

In this section, we will prove the main theorem. It depends on the following results. 
Lemma 3.1. // (u , u\) G (H s n H Sp ) x (H 3 ^ 1 n i? s p _1 ) ; i/ien we /lave 

j|V/n || L 2 < ^-'llnoll^.. 
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Figure 1: Region of allowed pairs 



i! 1-1 ^ 



|/«o||£+i < N^-^WuoW^ ||n 



2 II |ip— 1 
Hs\\ u 0\\jj Sp - 



In summary, we have 



(8) 



E(Iu ,I Ul ) < N 2 ^ [\\uo\\% + WMfr-i + 
Lemma 3.2. Ze£ u be a solution of the equation (|7p, J = [0,T], then 

||(«(r),Mr))llH.x^-i ^ IK«(o),ft«(o))|lH. x ^-i 

+C7 S , P (supi^) 1 / 2 +TsupE(t)^ + Z 5 P _ ( /;f ) . 

Lemma 3.3. There exist tq = tq(s,p) and Nq = Nq(s,p) such that if \J\ < tq, N > Nq 
and u(x, t) is a solution of the equation with 

supE(i) < 1, 
teJ 

then we have 

Z{J,u) < SyP 1. 

Lemma 3.4. Almost Conservation Law of Energy If u is a solution of the equation, 
then the inequality 

\E(Iu{ tl )) - E(Iu(t 2 ))\ < S uvE(t)V 2 ^^ 
holds for all times t±,t2 £ J- 
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These lemmas will be proved in the later sections. Now let us show that the main theorem 
holds assuming these lemmas. 



Step 1: Scaling Let u\ be 

1 x t 

Thus 



u \( x i t) = , a I ^(T' t)- ( 9 ) 



1 X t 

d t u x (x,t) = — dtu(-, -). (10) 

\2~ s p A A 

If u(x,t) is a solution of the equation ( [I]) , one can check that u A is still a solution of the 
original equation. In addition, the H Sp x H s p^ 1 norm is preserved under this rescaling. 
Using ([8]) we know the energy 

E(Iu x (0),Id t u x (0)) 

< N 2 ^ (IMO)H^ + 11^(0)11^ + ||n A (0)||^||n A (0)||^) 

< JV 2(i- s ) A 2 Sp -2, (|| u(0 )||^ + ||%*(0)||2. s - a + ||n(0)||^||n(0)||^) 

= N 2 ^X 2 ^ (\\uo\\%. + Wmf^ + holl^llnol^) 
Let us define C{u) by 

c{u) = \\u Q \\\ s + Huill^..! + IKII^JKII^;, (11) 

and choose 



A = C SJt C(u)'^ = ^N-'p . (12) 

If C S:P is sufficiently large, then 

E(Iu x (Q),Id t u x (0)) < 1/2. 

Step 2 We will show that the energy E(Iu\(t), IdtU\(t)) is always less than 3/4 in the 
whole interval [0, AT] if we choose sufficiently large TV" = N(s,p, ||u||,T). Let us define 

T' = max {t : t G [0, AT] such that E(Iu x (t'), Id t u x {t')) < 3/4, for all t' € [0, t}} . 

By continuity of the energy, if T' < AT, we have there exists e > 0, such that 

E(Iux(t),Id t u\(t)) < 1, for all t G [0,T' + e]. 

Break the interval [0, T' + e] into subintervals {J%}, i = l,2,---,n, such that |J,| < To- 
The constant To = 7o(s,p) here and Nq(s,p) mentioned below are the same constants as in 
lemma [3731 We can always choose 

AT 

n < — + 1. (13) 

TO 
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By lemma [331 we have (Let iV > Nq(s,p)) 

Z(J h u x )<l. (14) 
Applying Almost Conservation Law in each subinterval, we obtain 

E(Iu x (t), Id t u x (t)) < 1/2 + §^- 2 - (15) 
for any t € J^. Using (fl~3j) we have for any t E [0, T' + e], 



C fl + — N 
E(Iu x {t),Idtu x (t)) < 1/2+ S ' M ! r " 



< 1/2 + r 



C s , p (l + AT) 



AT(5-p)/2 



C s , p (l + C(^) 2 (— P )JV— pT) 

- 7 + AT(5- P )/2 



< 1/9-1 Ml J -E U 

AT 2 jy 2 S - Sp 

Here we use the choice of A (I12p . The constants above C S)P may be different in each step, 
but they only depend on the numbers s,p. Our assumption on s actually implies 

5 — p 1 — s 
—r- > ■ 



Choosing 



N = C max < 



5— p _ 1—s 



C(u)( 5 -p)( 8 - 8 p)- 2 0-- 8 )t 2 s ~ s v , N (s,p) } , (16) 



we have 

E(Iu x (t),Id t u x (t))<3/4 

for all t 6 [0, T" + e] if C = C(s,p) is sufficiently large. This is a contradiction. Thus if we 
choose N as (|16p . then the following inequality 

S(/« A (t),/^u A (t))<3/4 (17) 

holds for each t £ [0, AT]. Breaking this interval into subintervals J{ as above, we still have 
(fT4l and (USD holds. 
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Step 3 Applying lemma 13,21 to each subinterval and conducting an induction, we obtain 
for each t e [0,AT], (Use (|I5|). ([Hjl. (fT6|) and ffT7|) ) 



(uA(to),flt«A(*o))|lH*x£-i 

< ||(«a(0),^«a(0))||^. x ^ 



-! + ( n + AT + " ) 



AT -I- 1 

< \^ s \\(u(0),d t u(0))\\Hs X Hs-i + C S , P ( AT + 1 + 



N— 



l-s 



< A^||KO),a 4 n(0))||^ x ^_ 1 +C s , p (AT+l). 
Rescaling back we have 



H s xH s 



< 

< 
< 



< 
< 



|| (u(0), a t u(0))|| ^ s x ^,_ 1 + C S , P A S -^(AT + 1) 

[|(«o } «i)[|^ x ^_ 1 +C SlP A'-^ 5 -^/ a 
II («o, «i) II £. x £.-i + Cs^C^N^-'N^I 2 
\\{u ,u l )\\ ksxka _ 1 + C{u) 1 l 2 N 1 - s +^ 
ll(«o,«i)ll j.x j-i + C(«) Q T^ + C(n) 1 / 2 . 



The exponents a and /3 are given by 

a = a(s,p) = 

P = 0(8,p) = 

In summary 



(5-p)(s-s p )-2(l-s)' 

5— p _ 1— s 



sup ||(u(t),Mt))||£. x £._i £ II(«o,«i)IIh.x^.-i + C(u) 1 /2 + c(«)«T^ 
te[o,T] 



(18) 
(19) 

(20) 



This gives the bound for the H s x il s 1 norm. We can also find an upper bound for the 
H s p x H s p^ 1 norm as below. 

The H Sp x H Sp Norm By the local theory of the equation with initial data (uq,ui) 6 
H s x iT s , we know local solution will exist at least in the interval [0, T{\, where the number 
T\ is given by 



Ti 



C. 



l 

1 S Stj 



This is different from the local theory with initial data in the critical space H Sp x H Sp . 
In addition, Given each s-admissible pair (q,r), we have 



l u lll,?L£([0,Ti]xR 3 ) ~ \\( v '0, u i)\\h^xH s 



(21) 
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Now let the letter M represent the upper bound as below. Please note that we can estimate 
M by (J2QD. 

M= sup \\{u{t),d t u{t))\\jjs X H^- 

te[o,T] 

If we break the interval [0, T] into subintervals «7j(£ = 1, 2, • • • , n), such that 

\J%\ <Ti« 

then the local theory can be applied in each subinterval. Choosing a specific s-admissible 
pair (p/ (1 — p(s — Sp)),6p/ (5 — 2s p )), we have 

\\F(u)\\ i e < p 6P <AF. 

l-p(s-sp) b-lsp 1 _ p (^ 3 _ Sp - ) Z-'is p 

Thus 

^_ < |J 4 |*(-*>[|F(«)|| i a < 1. 

The bound in question is given by a straightforward computation using the Strichartz 
estimates as below 



(u,dtu)\\ c ^ 0T y^ Spx ^s p -i^ 



< \\( u o,ui)\\ ti s Pxti s p -i +C s J\F{u)\\ e 

r 1 r 

[0,T] ^* 

r 

< ll(^o,ui)||^ Pxi j Sp -i +C SiP (l + — ) 

< \\(u ,u 1 )\\ tiSpx ^ p - 1 + C S:P (1 + TM^) 

< ll(«0>«l)ll^-i. Xj ffi.-i 



< ll(^ s «i)||^ x ^_ 1 + i + r[|(« 0) « 1 )||r^_ 1 +rc'(«)=»- - 



4 Proof of Lemma 13.11 

This lemma comes from some basic computation. 

HVJtiolli, < / |£lVo(£)| 2 d£+ / l^l 2 ^7T^l^o(OI 2 ^ 

< / iv 2 ( i - s )|ci 2s iu (oi 2 dc+ / ^ 2(1 - s) iei 2 >ve)i 2 ^ 

< iV^lluoll^. 
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Similar argument shows 

N 2(l-s) 

l\£\<N J\(;\>N 



r r AT2(1-s) 

WiMh < / |tfi(Ol a de+ / T7m^)\M0\ 2 dC 

J\£\<N J\£\>N ICr (i s > 



< / NW-')\t\*-»\Mt)\ 2 dt+ N*t-')\t\*'-»\Mt)\ 2 dZ 

J\S\<N J\£\> N 

For the third inequality we have 



H-TuollS+i ~ ll^o 11 js ll^o f 3? P -i) 
< HV^oll^llnoir^ 



< N^Wuof "-HP- 1 



L — r 

5 Proof of Lemma 13.21 

In this section we give the proof of lemma 13.21 We will first estimate the low frequency 
part, which is more difficult. By Strichartz estimate we have 

l|p< 1 ( w (T),a tW (T))]|^ sxi j S -x < llsWPzMo^dtumU'xfr-i 

rT sin((T-t) v /z A) 



+ 



o 



P<iF(u(t))dt 



H s xH 



s-1 



< \\P<i{u{0)A<0))U. x6 .-i+C a \\P< 1 F{u) 



LjL x 



We can break the nonlinear part into 



\\P<iF(u)\\ ^ < \\P<iF(Iu)\\ ^ + \\P< 1 [F(u)-F(Iu)}\\ ^ 

— j l r 5 — Is — j l r 5 — 2s — r 1 r 5 

n jLi X ±j j±j x Lj jJ^x 

< \\P<iF(Iu)\\ ^ + \\F(u)-F(Iu)\\ ^ 

— rl r 5-2s r 1 r 5 — 2s 

= X 1 +X 2 , 
and deal with each part individually 

Xi < ||P<iF(/u)|| i p±i 



< \\F{Iu)\\ ^ 

< T\\F(Iu)\\ z+i 

TOO T P 



(r p+i \ p+i 

/ \F(Iu)\ v dx 
Jw 3 ) 

< rsupf f \iu\ p+1 dx 

< T sup E(t)^, 

teJ 



p 

p+i 
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and (Similar argument is used in the proof of almost conservation law) 

x 2 < n(|ju| + Mrv«-«iii , ^ 



% \\P«NU\ ^ X i i • ||^JV«|| i i 

7-p , 1-a p-3 l-a ~ P- :i 1-a : >-P | 1-s 

r 4(p-l) + 2(p-l) £ 4(p-l) 6(p-l) ^J^ Lx 

J x 

+iii*> JV uir 1 6P -ii^hi ep 

r 4(p-l) + 2(p-l) r 4(p-l) ~6(p-l) 



1 ,.~1-(S=1. 



|£ ,l-(^-(l-.)) /u 



1 1 3p-7+2s 

LD 2 P j u p 



5 — p , -i II II 6p 



< 



ZP(J,u) 



Thus in summary we have 

||i><iMt).a<»(*))ll*.Kj>.-i £ I|J»<i(«(0),9i»(0))IIh.xh— 

V teJ N~2~ + 
Next let us consider the high frequency part 

\\p>Mt)\\% < [ \z\ 2s \u(t,t;)\ 2 dti+ [ \ti\ 2s \u(t,o\ 2 dt 

Jl<\£\<2N J\£\>2N 

< x x + x 2 . 

These two terms can be dominated by the energy just at the time t. 

Xi< f \tf\u(t,0\ 2 dt<\\VIu(t)\\l 2 <E(t). 

Jl<\£\<2N 



r ]V 2 ( 1_S ) 

A ' 2 ~ m^Lj^W^^ 2 



\a\>2N 

< -^\\VIu(t)f L i 



(-NJ 



#2(1-0) 

By similar argument we can show 

|2 



P>id t u{t)\\^ s _,<E{t). 
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TS-1 



Combining the low and high frequency parts, we have 

[|MnMr))ll£. X H-i < [I(«(o),Mo))II^. x h. 
+c s , p fsup^t) 1 / 2 + r S u P ^(t)^ + z i J ;^ P ) . 

\teJ teJ N 2 

6 Proof of Lemma 13.31 

In this section we will prove lemma [3731 

Step 1 Let us first consider the estimate for q = oo. Using the Sobolev embedding, we 
have 

\\D x - m I U \\ L ^ L r < \\DIu\\ L ^ Ll <sup(£7(*)) 1 /2 < 1. 



Thus the estimate holds for q = oo. 



Step 2 Now we will first establish an estimate for m < s. WLOG, let J = [0, r]. Applying 
the operator D l ~ m I to the original equation ([1]) and then using the Strichartz estimate, we 
obtain 



\D x - m Iu\\ L%L r < '"/^(l)./; 1 m Id t Uyu» 



+ \\D 1 - m IF(u)\\ e . 

Using the fact m < s we have 

< supi^) 1 / 2 
teJ 

+ Z eir^WP^Nuf'l^ + ||^jvm||^-i.3( p -d 

\ L/ -3 L 3(p-l) L x ^ 

teJ T p-3 r 3( P -i) 



1 II r>i-a P 77/MJ 3 - 1 

5-p 11-^ JU Lp-l,3(p-l)' 



+ 

We also need to estimate the case when m = 1. In this case we have 



< \\(iu(o),d t iu(o))\\ HlxL2 + \\iF(u)\\ LljL2x 

Using the same argument as the case m = s, we can find the same upper bound as the 
previous case. In summary 



Z(J,u)<C s , p 



1 II nl-s„ r.JlP- 1 



(p-i) 

r p-3 r 3(p-l) 



1 i 11 ru— s p r-)/ 



(22) 
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Remark It seems that the constant C StP should have depended on q, r besides s,p, because 
the best constant in a Srtrichartz estimate depends on the coefficients (q,r). However, it 
is still possible to find a universal constant that works for each allowed triple. We can 
first establish individual estimates as above for those (1/q, 1/r) that respond to the vertices 
(A,B,C,D,E) in the figure [T] and then use an interpolation to gain a universal constant C SjP 
for all possible triples. 

Step 3 Let 

Z(t, u) = max < 20-1) , ||D 1-S:p /ii|| rP _i ,3( P -i) 

This function is continuous and Z(0,u) = 0. By the conclusion (|22[) of Step 2, we have 
Z(t,u) < StP 1 + t^ZP-\t,u) + -*zr-\ t ,u). 

By a continuity argument it is clear that there exist N$(s,p) and tq(s,p), such that if t < tq 
and N > Nq, then Z(t, u) < 1. Plugging it back to (|22p . we finish the proof of this lemma. 

7 Proof of Almost Conservation Law of Energy 

In this section we will prove the almost conservation law of energy. 

The Variation of the Energy The following computation shows the difference of the 
energy from time t\ to time £2- 



, n f t2 o r f JV/nl 2 \d t Iu\ 2 \Iu\p +1 

E(t 2 )-E(t 1 )= d t / ^^ + ^^ + ^^- 
Jt x UR3 2 2 p + 1 



)dx 



dt 



j 2 [ (VIu-dtVIu + dflu-d t Iu- F{Iu)d t Iu)dxdt 

[ 2 [ (V/n • d t VIu + IAu ■ d t Iu + IF(u) ■ d t Iu - F{Iu)d t Iu)dxdt 
Jti Jm. 3 



2 I [(IF(u) - F(Iu)) • d t Iu]dxdt. 
Here we use the equation dU . 

The Establishment of Almost Conservation of Energy From the computation 
above we can estimate the difference by the Holder's Inequality 

\E(Iu(t 2 )) - E(Iu(h))\ < \\d t Iu\\ LTL2 J\F(Iu) - IF(u)\\ L i Li . 

Thus 



\E{Iu{t 2 )) - E(Iu(h))\ < sup E(t)V 2 \\F(Iu) - IF( 



u )\\L\Ll- 

teJ 3 



13 



The rest of the section consists of the proof of the following estimates, which immediately 
imply the almost conservation law. 



\\F(Iu)-F(u)\\ L i L 2 



ZP(J,u) 

JV(5-p)/2 ' 

\F(u)-IF(u)\\ LljLl <§^ 2 . 



(23) 
(24) 



Proof of ([23]) We have 

\\F(Iu)-F(u) 



< 



Wdiui + iuiy-^iu 



< 



< 



H-P<iV«|| P 4( 1 p -l 



) 4(p-l) 



\\P> N u\\ 



Lj L x p 



+ \\ P >Nu\\ P rP 1 r 2 P ■ \\P: 



>n u \\ l plI p 



\ U 4(p-l) 4(p-l) 

-p=3~ 



1 



iV(5-p)/2 



I? 1 "— Id 



+ 



1 



1 3p-5 

i in ~zp~ iv \\ p „ 



< 



ZP( J, u) 
JV(5-p)/2 ' 

Here we used the inequality 



s > 



p — 3 3p — 5 
2 ' 2p " 



Proof of (I24D For the second inequality 





\\F(u) - IF(u)\\ 




< 


\\P>nF(u)\\ l1jLI 




< 


\\P> N F(P <<N u)\ 


W + 


< 


\\P> N F(P <<N u)\ 




< 


\\P>nF(P <<n u)\ 





p< 



+ |||P> A ru| p 1 P>nu\\ l1L 2 : 
< X 1 +X 2 + X 3 . 

The last two terms X 2 and X% can be estimated in the same way as in the proof of (|23p . 
thus we only need to consider the first term here. 



1 



< 



iV(5-p)/2 
1 

iV(5-p)/2 



\D 5 -^F(P <<N u)\\ L , jLl 



|P<AfU 



IP-1 

I 4(p-l) 4(p-l) 
T. 7 ~P T. P-' s 



5-p 

\D 2 P<^ArU 4 4 
r P-3 r 5-p 



14 



< ZP(J,U) 
~ AT(5-p)/2 • 



References 

[1] J. Colliander, M. Keel, S. Staffilani, H. Takaoka and T. Tao, Almost Conservation 
Laws and Global Rough Solutions to a Nonlinear Schrddinger Equation, Mathematical 
Research Letters 9, 659-682(2002). 

[2] J. Ginibre and G. Velo, Generalized Strichartz inequality for the wave equation, Journal 
of functional analysis 133(1995), 50-68. 

[3] M. Keel, T. Roy and T. Tao, Global Well-Posedness of the Maxwell-Klein-Gordon equa- 
tion below the energy norm, Discrete and Continuous Dynamical Systems 30(2011), 573 
- 621. 

[4] S. Kwon and T. Roy, Generation of decay estimate and Application to scattering of 
rough solutions of 3D NLKG, arXiv: 1008.0094vl. 

[5] T. Roy, Global Well-posedness for the radial defocusing cubic wave equation in M 3 and 
for rough data, arXiv: 0708.2299v3. 

[6] T. Roy, Introduction to Scattering for Radial 3D NLKG Below Energy Norm, Journal 
of Differential Equations 248(2010), 893-923. 

[7] T. Roy, On control of Sobolev Norms for some Semilinear Wave Equation with Localized 
Data, arXiv: 1204.3038vl. 

[8] T. Tao, M. Visan and X. Zhang, The Nonlinear Schrddinger Equation With Combined 
Power-Type Nonlinearities, Communications in Partial Differential Equations 32(2007), 
1281-1343. 



15 



